
1. The average self information, or the entropy H(X) of a random variable X is
defined by

H(X) = −
∑

pi log2 pi [bit],

where pi = Pr(X = xi) is the probability that X takes on value xi.

(a) How much average self information is contained in one roll of a fair dice? Define
X be the number of dots observed on the roll.

(b) Find the entropy H(Y ) of a geometric Y with

Pr(Y = i) =
1
2
· (1

2
)i for i = 0, 1, 2, · · · .

2. The relationship between the joint entropy H(XY ), entropies H(X) and H(Y ),
and conditional entropies H(X|Y ) and H(Y |X) are illustrated below.
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H(XY ) = H(Y ) + H(X|Y ) H(XY ) = H(X) + H(Y |X)

Or I(X; Y ) = H(X) + H(Y ) −H(XY )

H(XY ) = I(X; Y ) + H(X|Y ) + H(Y |X)

(a) Interpret or explain in the plain language the relationship

H(XY ) = H(Y ) + H(X|Y ).

(b) Interpret or explain in the plain language the concept of the mutual information
I(X; Y ):

I(X;Y ) = H(X) + H(Y )−H(XY ).

3. ��6£§ SX�Ò�¦ ì�r�í\�¦ °ú���H 1lqwn� 1lx+þA ��� ñ"é¶_� �½� ü����Ãº X\� @/K� ²ú�
�r��̧.

0.4, 0.25, 0.15, 0.12, 0.08

(a) s���� ñ"é¶_��'pàÔ�Ðx�Ö�¦H∞(X)\�¦ ½̈
�r��̧.1lqwn�1lx+þA��� ñ"é¶_��â
Äº��HH(X) =
H∞(X)�Ð ÅÒ#Q|9�m���.

(b) s� ��� ñ"é¶\� s���� )�áÔ��� ÂÒ ñ\�¦ [O�>�
�r��̧.
(c) [O�>��)a ÂÒ ñ_� ¦�¹Öכ lavg�̀¦ ½̈
�r��̧.
(d) [O�>��)a ÂÒ ñ_� ¦�¹Öכ lavg�̀¦ H(X)ü< q��§½+É M:, ÂÒ ñ�� °ú���H ç�H��_(�í�©�)	כ q�
Ö�¦�Ér \O����� ÷&��Ht� ½̈
�r��̧.

4. ��6£§ SX�Ò�¦ ì�r�í\�¦ °ú���H 1lqwn� 1lx+þA ��� ñ"é¶ X1X2 · · ·\� @/K� ²ú�
�r��̧.

X P (X)
a1 0.4
a2 0.3
a3 0.3



(a) ]j1	� �'pàÔ�Ðx� H(X1)�̀¦ ½̈
�r��̧.
(b) �̂¦!3� U�́s� 1��� )�áÔ��� ÂÒ ñ\�¦ [O�>�
�r��̧.
(c) ]j2	� �'pàÔ�Ðx� H(X1X2)\�¦ ½̈
�r��̧.
(d) �̂¦!3� U�́s� 2��� )�áÔ��� ÂÒ ñ\�¦ [O�>�
�r��̧.
(e) [O�>��)a )�áÔ��� ÂÒ ñ��H, �̂¦!3� U�́s� 1\� q�K�, �¹Ö�¦sכ >h���÷&��Ht� �7Hî̈

�r��̧.

5. ��� ñ"é¶ l� ñ |9�½+Ës� AS = {a, b}��� ��6£§ Bjr�t�\�¦ t�ÚÔ-�7�e�¦ ÂÒ ñZO�\� _�K� ÂÒ ñ
�o
�r��̧.

ababbaabbabbaabbabaa

ÂÒ ñ#Q_� U�́s�\�¦ 3 q�àÔ�Ð 
��¦, ��6£§ �íl� ÂÒ ñ³ð\�¦ ��6 x
�r��̧.

��� ñ"é¶ l� ñ\P� í�H"f t�ÚÔ-�7�e�¦ ÂÒ ñ C
a 0 000
b 1 001

ÂÒ ñ³ð�� G�0>��� +'\���H ÂÒ ñ³ð\�¦ Õª@/�Ð ��6 x
�r��̧.

6. JPEG �o�©�·ú�»¡¤ZO�_� ·ú�»¡¤õ�&ñ
\� ��6 x÷&��H ÅÒ¹כô�Ç ½̈$í
ÂÒ\�¦ �̂¦!3�ÕªaË>Ü¼�Ð Õªo��¦
Õª l�0px�̀¦ çß�éß�y� [O�"î

�r��̧.

7. /BN>h��� ñ�o ~½Ód��_� 
������ RSA(Rivest-Shamir-Adleman)~½ÓZO�_� î�r6 xZO��̀¦ :�x���s�
s�,Xt���H í�H"f\� ���� çß�éß�y� [O�"î

�r��̧.

8. ��±ú��ÐÕª#���l����²ú��<ÊÃº H(s)���FG%ò
�̧\� �Ð���@/�Ð,�FG&h� 2>h, ("é¶&h�\�0Au�ô�Ç)
%ò
&h� 1>h\�¦ °ú���H���¦ ½+É M:,

(a) ���²ú��<ÊÃº H(s)\�¦ ½̈
�r��̧.
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(b) ��6£§ ���²ú��<ÊÃº H(s)\�¦ °ú���H #���l�_� �FG%ò
�̧\�¦ �̧r�
�r��̧.

H(s) =
s + 1

s2 + 4s + 3
.

9. Butterworth $�%i�:�xõ� #���l�_� 	�Ãºü< 	�éß�ÅÒ��Ãº��H |H(jω)| = 1√
1+( ω

ωc
)2N
Ü¼�Ð

ÂÒ'� ���&ñ
|̈em���.

• 	�Ãº N : (†)õ� (‡)\�¦ ���wn� Û�¦s�
�#�

|H(jωp)| ≥ 1− δp =⇒ 1√
1 +

(ωp

ωc

)2N
≥ 1− δp (†)

|H(jωs)| ≤ δs =⇒ 1√
1 +

(
ωs

ωc

)2N
≤ δs (‡)

	�Ãº��H N ≥ 1
2

ln
[
( 1

δ2
s
− 1)/( 1

(1−δp)2 − 1)
]

ln
[
ωs/ωp

] ��� &ñ
Ãº�Ð [O�&ñ




• 	�éß�ÅÒ��Ãº ωc: 0A\�"f &ñ
ô�Ç N�̀¦ (†) ¢̧��H (‡)\� @/{9�
�#� [O�&ñ


ωp

[
1

(1− δp)2
− 1

]− 1
2N

≤ ωc ≤ ωs

[
1
δ2
s

− 1
]− 1

2N

0A_� /BNd���̀¦ �ÃÐ�̧
�#� ��6£§ ���ª��̀¦ ëß�7á¤
���H Butterworth $�%i�:�xõ� #���l�_� 	�
Ãº Nõ� 	�éß�ÅÒ��Ãº ωc\�¦ ½̈
�r��̧.

..............................

|H(jω)|

1
1− δp

.........................................δs -
ω

.................

δs = 0.17782

.................................................... ..
.

δp = 0.10875

ωp ωs

ωp = 2π × 5, 000

ωs = 2π × 7, 000

10. ��6£§�Ér n�t�_O� #���l�_� ���²ú��<ÊÃº, 	�ì�r~½Ó&ñ
d�� x9� ½̈�&³ �̂¦!3�ÕªaË>{9�m���.

0A\�¦ �ÃÐ�̧
�#� ��6£§ ���²ú��<ÊÃº\�¦ °ú���H n�t�_O� #���l�_� 	�ì�r~½Ó&ñ
d���̀¦ ½̈
��¦ ½̈�&³

�̂¦!3�ÕªaË>�̀¦ �̧r�
�r��̧.

H(z) =
1 + 2z−1 + z−2

1− 1.2686z−1 + 0.7051z−2
.


